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Abstract. We describe the Chow ring with rational coefficients of 
Afo,i(P",d) as the subring of invariants of a ring B* (M ,i(P n , d); Q), 
relative to the action of the group of symmetries Sd- We compute 
B*{M 0,1 (IP™, d); Q) by following a sequence of intermediate spaces for 
M ,i(P n ,d). 



Introduction 

The moduli spaces of stable maps from curves to smooth projective vari- 
eties were introduced by M. Kontsevich and Y. Manin in KM . They pro- 
vided the set-up for an axiomatic algebro-geometric approach to Gromov- 
Witten theory, generating beautiful results in enumerative geometry and 
mirror symmetry. Gromov-Witten invariants, defined as intersection num- 
bers on the moduli spaces of stable maps, were computed by recurrence 
methods. An important role in these methods was played by the "boundary 
divisors" of the moduli space, parametrizing maps with reducible domains. 

In the case when the domain curve is rational and the target is P n , the 
functor .Mo,m(IP"\ d) is represented by a smooth Deligne-Mumford stack, 
Mo >m (F n , d). Here the generic member is a smooth, degree d, rational curve 
in P n with m distinct marked points. The boundary is made of degree d 
morphisms /i : C — > P n from nodal m-pointed curves C of arithmetic genus 
0, such that every contracted component of C has at least 3 special points: 
some of the m marked points or nodes. 

The cohomology ring of Mo tTn (¥ n ,d) is not known in general. K.Behrend 
and A.O'Halloran in |BOj have outlined an approach for computing the 
cohomology ring for m = 0, relying on a method of Akildiz and Carell. 
They give a complete set of generators and relations for the case d = 2 and 
for the ring of Mo.o^ 00 , 3). 

The main result of this paper is a description of the Chow ring with 
rational coefficients of Mo,i(P", d). Our method is different from the one 
employed by K.Behrend and A.O'Halloran, relying on a sequence of inter- 
mediate moduli spaces. In Theorem 3.23, .A*(Mo,i(P n , d); Q) is expressed as 
the subring of invariants of a ring i?*(Mo i i(P n , d); Q), relative to the action 
of the group of symmetries Sd- We give a complete set of generators and 
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relations for B*(M 0i i(F n , d); Q), the geometric significance of which will be 
explained here in more detail. 

Motivated by results in mirror symmetry, Givental in and Lian, Liu 
and Yau in |LLY| have computed Gromov-Witten invariants for hypersur- 
faces in P n , via the Bott residue formula for a birational morphism 

$ : Mo,o((F™ xP 1 ),^,!)) - PS. 

Here P^ := p( n+1 )( ci + 1 ) _1 parametrizes (n + 1) degree d— polynomials in 
one variable, modulo multiplication by constants. Following Givental, we 
will call the domain of <3? the graph space. We will use the short notation 
G(F n ,d) for it. 

Of the various boundary divisors of G(F n ,d) and their images in P^, the 
most notable for us is M 0j i(P",d) x P 1 , mapped by $ into P n x P 1 . The 
product M ,i(F n ,d)xP 1 is embedded in G(F n , d) as the space parametrizing 
split curves C\ U C2, were C\ comes with a degree (d, 0) morphism to F n x P 1 
and C2 comes with a degree (0, 1) morphism. Our study starts from the 
diagram 

M ,i(¥ n ,d) x P 1 ^G(F n ,d) 

pn x pi „ p" 

A sequence of intermediate moduli spaces G(F n , d, k) is constructed such 
that the morphism $ : G(F n ,d) =: G(F n ,d,d) — F™ =: G(P n ,d,0) factors 
through G(F n , d, fe+1) — G(F n , d, k). This also induces intermediate spaces 
M ,i(P n , d, k). They are described via_ local (S d ) n+1 -covers G(F n , d, k, t) for 
all homogeneous coordinate systems t on P n . These are modeled after the 
construction by W.Fulton and R.Pandharipande of the rigidified moduli 
spaces (Mo t o(P n , d, t))r, which form an etale cover for the stack Mq i q(F u , d). 

There is a commutative diagram 

M ,i{F n ,d,t) x P 1 ^G(F n ,d,t) ^F 1 [(n + l)d] 

*(*) 

(P 1 )" x P 1 F'^(t) ^ (pl)(n+l)d 

where P 1 [(n + l)d] is the Fulton-MacPherson configuration space of P 1 (see 
[EM]). F%(t) is a torus bundle over (pi)("+i)<* and G(F n ,d,t) is its pullback 
to an open subset of the configuration space P 1 [(n + 

The morphism P x [(n + l)d] — (pi)("+i)d has been introduced and de- 
scribed as a sequence of blow-ups by W.Fulton and R.MacPherson in |FM| . 
We consider a different sequence of blow-ups, more symmetric with re- 
spect to the (n + l)d points. If instead of F 1 [{n + l)d] one considers Mq jU , 
the resulting sequence is already known (see [Has], [T]). In our case we 
describe the intermediate spaces explicitly as moduli spaces, leading, via 
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pull-back of the torus bundles P^(i), to G(¥ n ,d,k,t). Thus the morphism 
G(F n ,d, k + l,t) — » G(F n ,d,k,t) is simply a composition of regular blow- 
ups, and the blow-up loci are all smooth, equidimensional, transverse to 
each other and are mapped into each other by the natural (Sd) n+1 -action. 

Following , there is a natural Deligne-Mumford stack associated to the 
coarse moduli scheme G(P n , d, k). An etale cover of this stack is constructed 
out of quotients of the t-covers by small groups. The above properties of 
the blow-up loci are preserved at the level of etale cover, but the blow- 
up is weighted. Therefore we will call the morphism G(¥ n ,d,k + 1, t) — > 
G(¥ n ,d, k, t) a weighted blow-up along a regular local embedding. 

In this paper we restricted our attention to an intersection-theoretical 
study of Mo ) i(F ?1 ,(i) and its intermediate spaces Mo,i(P n , d, k). The coarse 
moduli space and its associated Deligne-Mumford stack share the same 
Chow rings. The stack introduced above finely represents the moduli func- 
tor, which is shown in [MM . 

The first intermediate space is a weighted projective fibration over P n , 
the class of its line bundle 0(1) being the cotangent class ip. The unique 
polynomial P(t) having ifj as root in the cohomology of Mo,i(P", d, 1) can 
be written in terms of the J-function of P n as follows: P(t) = t~ l J^ 1 . 
These calculations are rooted in a simple form of Atyiah-Bott localization. 
Then the Chow rings of Mo j i(P n , d, k) and its substrata are computed by 
induction on k. In order to do this, an extended Chow ring is defined for a 
network generated by regular local embeddings, which morally mimics the 
Chow ring of the etale cover of the stack. There are no complete objects 
at the level of etale covers, but all potential generators of the Chow ring 
descend and glue to complete smooth Deligne-Mumford stacks Mj. The 
extended Chow ring is generated by the classes of these stacks. 

In our view Mo,i(P n ,d) is the natural starting point in the study of the 
Chow ring of Mo, m (P n ,(i) for any m. On one hand, the Chow ring of 
Mo,o(P",d) could be computed from that of Mo l i(P n ,d) by analogy with 
the computation of the Chow ring of the Grassmannian Grass (2, n) from 
that of the flag variety Flag (l,2,n), as we hope to show in an upcoming 
paper. On the other hand, the methods of this paper can be applied for the 
computation of the Chow ring of any MQ^ m (F n ,d) with m > 1 (see [MM J. 

The plan of the paper is as follows: section 1 describes the intermediate 
spaces G(P n , d, k), Mo,i(P n , d, k) and the morphisms among them. Section 2 
contains a modular presentation of their canonical stratifications. Section 3 
is an extended account of the induction steps involved in the computation of 
the Chow ring of Mo t i(F n ,d), and the Appendix contains some calculations 
leading to the simplified final formula of the Chow ring. 

This paper is based on an idea of the first author. The detailed construc- 
tion of the intermediate moduli spaces and an outline of the method for 
computing the Chow ring of Mo,i(P n , c£) are contained in Andrei Mustafa's 
Ph.D thesis at the University of Utah. Subsequent work by the two authors 
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led to the present set-up for the construction of the ring i?*(M 0j i(P n , d); Q), 
and the computations that ensued. 

We warmly thank Aaron Bertram and Kai Behrend for helpful discussions 
and suggestions. 

1. A DESCRIPTION OF THE GRAPH SPACE 

Enumerating rational curves in a projective variety V requires as starting 
point the existence of a compactification for the space of smooth rational 
curves in V. When a curve class (3 £ H2(V, Z) is fixed, Kontsevich-Manin's 
moduli space of stable maps Mo,o(V,/3) provides such a suitable compact- 
ification. A stable map is a tuple (C, tt, /) where n : C — > S is a nodal 
curve over a scheme S, f : C — > V is a map such that /*[C] = f3, and every 
geometric fiber of it over a point in £ has only finitely many automorphisms 
that preserve the map /. 

In particular, the graph space G(P n ,d) := Mo,o(P n x P 1 ,^, 1)) was the 
background for the first results in Gromov-Witten theory ( see |LLY| . 
[B]). On the other hand, the space of parametrized, degree d smooth 
rational curves in P n admits another, naive compactification given by of 
pn _ p(n+l)(d+l)-i ; the space of (n + 1) degree (at most) d polynomials in 
one variable, modulo multiplication by a scalar. The existence of a natural 
birational morphism 

$ : G{P n ,d) ->P2 

was instrumental in the computations mentioned above. 

Our first observation is that $ may be regarded as a natural transfor- 
mation of moduli functors, as we shall discuss in Proposition 1.3. Given a 
stable map (C, vr,/) with parametrization /j, : C — > S x P, the transforma- 
tion &(S) contracts the unparametrized components of C. The morphism 
/ : C — ► P n induces a rational map /o : S x P 1 — ► P n . The points in the 
base locus of fo correspond to contracted components of C. 

In the above context, an unparametrized component of a rational curve 
whose removal does not disconnect the curve is called a tail. One can con- 
ceive of various ways to factor the morphism $. For example, contraction of 
unparametrized components of C could proceed by sequentially contracting 
tails of increasing degree. In the following we define moduli problems for 
the intermediate steps we have just proposed: 

Definition 1.1. Let A; be a natural number, < k < d. Fix a small rational 
number e such that < e < 1. 

A fc-stable family of degree d maps from parametrized rational curves 
into P n is a tuple (C, fj,,C,e), where fj, : C — > S x P 1 is a morphism over S 
of degree 1 on each fiber C s over s € 5, C is a line bundle on C, of degree 
d on each fiber C s , and e : O n+l — > C is a morphism of fiber bundles such 
that: 

(1) (/i*0s x pi (1) <g) u;c|s) d ~ fc+<E (g) £ is relatively ample over S, 
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(2) Q := cokere, restricted to each fiber C s , is a skyscraper sheaf, and 

• dim Gp < d — k for any p G C s , where £ p is the stalk of <7 at p; 

• if < dim^p then p G C s is a smooth point of C s . 

By condition (1), a fc-stable map from C to P n will have no tails of degree 
less than d — k + 1, while by condition (2), points with multiplicity at most 
d — k may be in the base locus of e. These points replace the smaller degree 
components of the usual stable maps. In the case k = d, the existence of e 
makes formula (1) equivalent to the classical stability condition; in all other 
cases, e may be taken to be zero. 

As usual, a morphism between two families (C, fi, C, e) and (C", //, £', e!) 
of fc-stable, degree d pointed maps consists of a Cartesian diagram 




such that g*C = C and e is induced by e' via the isomorphisms Oq +1 



g*O r ^ 1 and g*C C. 



'c 

T „„a „* ri ~ r 

Notation . Let G(P n ,d,k) denote the functor of isomorphism classes of 
/c-stable, degree d families of maps from parametrized rational curves to P n . 

In the future, the same notation will be somewhat abusively employed 
for the corresponding coarse moduli scheme as well as for its moduli stack. 
Clearly, G(P n ,d,d) = G(P n ,d) is the graph space, while G(¥ n ,d,0) is P™ 

A sequence of intermediate moduli functors is induced for the moduli 
space of stable maps with one marked point. The parametrized component 
is replaced here by the component containing the marked point: 

Definition 1.2. Let k be a natural number, < k < d. Similarly we define a 
A;-stable family of degree d pointed maps from parametrized rational curves 
into P n by a tuple (C, n,pi,C, e), where tt : C — > S is a flat family of genus 
zero nodal curves over S, p\ : S — > C is a section in the smooth locus of tt, 
£ is a line bundle of degree d on each fiber C s , s G S, and e : O n+1 — ► C is 
a morphism of fiber bundles satisfying condition (2) from above, such that: 

(1) ^c\s(Pi) d ~ k+e ® £ is relatively ample over S, 
and such that dimG Pl ( s ) = for any s G S. 

Notation . Mo,i(P n , d, k) will denote the functor of isomorphism classes of 
fe-stable, degree d families of maps from one-pointed rational curves to P n . 
Here M 0:1 (P n ,d,d) =M ,i(P n ,d). 

Proposition 1.3. There are natural transformations of functors 

G(P n ,d,k + l) -> G(¥ n ,d,k), 
for any natural number k such that < k < d, and 

M ,i^ n ,d,k + l)^M 0A (F n ,d,k) 
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for k such that < k < d. 

Proof. Let (ir : Ck+i — ► S, Hk+i, £k+i, efe+i) be a (k + l)-stable family of 
degree d maps from parametrized rational curves into P n . Set 

W : = Olt-i^WW ®w Cfc+1 |5 fe+1 ) d " fc ® A+l- 

For sufficiently large TV, we consider Cfc = Proj(© m >ovr* ft miV ). The sections 
of Tt N induce a morphism : C^+i — ► which collapses the locus along 
which Tt fails to be relatively ample, and maps its complement birationally 
onto its image. Note that TL fails to be ample precisely along tails of degree 
d — k. Let Oc k+1 (D) denote the line bundle associated to that locus. (This is 
the pullback of a line bundle on the universal family on the smooth Deligne- 
Mumford stack G(P n , d, k+1) introduced in Proposition 1.11). Then C^ + x<S> 
Oc k+1 ((d — k)D) descends to a line bundle on C^, with (n + 1) global 
sections determined by the composition: 

f k O n c f Og+\ £ fc+1 - £ fc+1 ® Oc fc+1 ((«! - *:)£>). 

For any geometric point s E S such that the fiber Ck+is decomposes as F\ U 
F2 with i 7 ! ni^ = {g}, and such that fk collapses F2 and is an isomorphism 
on F\, the following relations over Fx'. 

u C^ u \Fi ="C ks \F 1 ®0 Fl (q), 
insure that conditions (1) and (2) in Definition 1.1 are satisfied. 

□ 

Turning our attention to the representability of the functors defined above, 
we recall the notion of rigid stable maps, which makes the local structure of 
the moduli spaces accessible via etale atlases. 

In the case of G(P n ,d), the rigid structure accurately transcribes the 
construction of |FPj (Proposition 3), with the only modification that non- 
parametrized rational curves are replaced by parametrized ones. Here are 
the main points: 

Let t = (to : ... : t n ) stand for a choice of a homogeneous coordinate 
system for P n . 

Definition 1.4. A (t)-rigid family of degree (d, 1) stable maps from genus 
curves to P™ x P 1 consists of data (C, tt, fx, {qi t j}o<i<n,i<j<d) where 

(1) (tt: C — > S, (J,: C — > P n x P 1 ) is a family of stable, degree (d,l) maps 
from genus curves to P" x P 1 . 

(2) (C — > SxP 1 , {Qi,j}o<i<n,i<j<d) is a family of (n+l)d -pointed, genus 
zero, stable parametrized curves. 
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(3) For any integer i such that < i < n, the following equality of 
C artier divisors holds: 

d 
3=1 

Notation . The contravariant functor of isomorphism classes of (£)— rigid 
families of degree (d, 1) stable maps from rational curves to P n xP 1 is denoted 
by G(F n ,d,t). 

Lemma 1.5. G(P n ,d,t) is finely represented by the total space of a torus 
bundle over a Zariski open subset of M o,(n+i)d(P i !)■ 

The fine moduli scheme will also be denoted by G(¥ n ,d, t). The proof 
does not differ in any essential way from that of |FPj . Proposition 3. We 
translate the main steps of the construction to our setup: 

M 0> ( n+ i) ( i(P 1 , 1) is the Kontsevich-Manin moduli space of (n+l)d-pointed, 

degree 1 stable maps and / : M 0j (n+i)d+l( Fl i l ) ~> ^o,(n+i)d( pl , l ) is its 
universal family, with (n + l)d sections {qi,j}o<n,i<d- 

Consider the line bundles Hi = Ojr (¥l r\(Yli=iQid)i for < i < 

n. Let j : B M 0i ( n+ i)d(P 1 , 1) be the open subscheme parametrizing 
degree 1 pointed maps C — > P 1 such that, for every fixed component C 
of C, the subsets of the marked point sets {qij}j lying on C have the 
same cardinal for all i € {0, ...,n}. Equivalently, Gi ■= ttb*3*{1~(.q 1 ®Hi) 
is locally free, and the canonical map k* b -kb*3*{7~(.q 1 ® Hi) — * ^{Hq 1 ® 
Hi) is an isomorphism for every 1 < % < n, where j, ttb are the canonical 
projections from B x M 0i(n+1)d (P\i) M o,(n+i)d+i{^ 1 ^) to Af 0> ( n+1 ) etfl (P 1 ) 1) 
and B, respectively. We say that the map j is balanced. Moreover, every 
balanced morphism X — > M 0j ( n+ i) ( i(P 1 , 1) factors through j. Let then r» : 
Yi ^ B denote the total space of the canonical C* -bundle associated to 
Gi. The torus bundle Y := Y\ F 2 x _B • • • x b Y-n represents the functor 
G(¥ n ,d,t). 

The (n + l)-th power G := (5d) n+1 of the group of permutations Sd 
acts on G(P n ,d, t) as permutations of the marked points {q%j}- The coarse 
moduli scheme G(P n , d) is obtained by gluing quotients of G(P n , d, t) by G, 
for various homogeneous coordinate systems t. Concomitantly, G(P n , d, i) 
is an etale atlas of the stack G(P n , d). 

There is also an appropriate notion of t-rigidity for A; -stable maps, leading 
to the representability of G(¥ a ,d, k). The case of F%(t) = G(P n ,d,0,t) is 
most at hand. The data (5 x P 1 , fi, {qi,j}o<i<n,l<j<d) make a t-rigid, 0- 
stable family of maps if conditions (1) and (3) in Definition 1.4 are satisfied, 
with 0-stability replacing the usual stability in (1). No incidence conditions 
need be placed on {qi,j}ij- There is a natural, rank (n + 1) torus bundle 
over (P 1 )( T1 + 1 ) rf representing W^(t), the functor of isomorphism families of 
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t-rigid, O-stable maps. Indeed, an algebraic map P 1 -> P n is specified by 
(n+1) independent hyperplane sections and (n+1) constants, the hyperplane 
sections providing the roots of (n + 1) polynomials, and the (n + 1) constants 
acting as coefficients. For a more rigorous construction, set P := (P 1 )( ri + 1 ) d 
and for all pairs such that < i < n, 1 < j < d, let mj : P — > P 1 be 
the (i,j)-th projection. Define 

^ := 7r*!(C? P i(l)) ®7r* 2 (0 pl (l)) <g> • ■ • <g> ir* d (O v i (1)) 

and let Pj be the total space of the canonical C*-bundle associated to T% ® 
J-q 1 . Then a standard translation of the arguments in Proposition 3 of 
[FF], F2(t) is finely represented by F := F x x P F 2 x P ... x P F n . Notice that 
if 7rp : P x P 1 —>■ P is the "universal family" over P, and j are its 

canonical sections, then Op xP i(sij) = npJ^i ®TrlG-pi(d), hence the analogy 
with [EE]- 

Lemma 1.6. The group G = (S ( j i )^ n+1 ^ acts on the universal family o/P^(i) 
by permutations of the sections {%,i,%,2) ■■■,Qi,d}, for each < i < n. Con- 
sider the induced action on P!Hi). The GIT quotients ¥ r ^(t)/G for various 
i-s glue together to P^ ; which finely represents the functor G(P n , d, 0). 

Proof. By the reasons spelled out in Proposition 4 of |FPj . the quotients 
Pj(t)/G for various i do patch together to a coarse moduli scheme. More- 
over, this is a smooth scheme, ¥^(t)/G being a torus bundle over (P rf ) n+1 . 
The essential difference here is the existence of a universal family over the 
scheme P^: a canonical rational map n : P^ x P 1 — > P n . Given any point 
(p,x) G P^ x P 1 , this map evaluates each of the (n + 1) degree d polynomi- 
als corresponding to p at the point x G P . For a fixed coordinate system 
i = (to : ... : t n+ i), let £/j C P d be the open subset made of points p such 
that x P 1 ) £ U»(*i = 0). There is an obvious bijection C/ f -» P^(t)/G 

and, since both spaces are smooth, an isomorphism. □ 

Thus both the graph space G(F n ,d) and PJJ admit local finite covers 
G(¥ n ,d, t) and Pj(i), respectively. There is a birational morphism ^ : 
^o,(n+l)dO pl ) 1) -> (P 1 )^ 1 ^, the product of all the evaluation maps. Due 
to the canonical nature of the previous constructions, the torus bundle 
G(¥ n ,d,t) over B C M 0) ( n+ i) d (P\ 1), is the pullback of F%(i) via »| B . 

We will now see how the schemes G(¥ n ,d, k) may be obtained by gluing 
quotients by {S d ) n+l of torus bundles G(P n , d, k, t) over some bases. To find 
appropriate bases for these bundles, one needs to factor the morphism \l/ 
into intermediate steps: 

Set N := (n + l)d. The space Mo i at(P 1 , 1) is also known as the Fulton- 
MacPherson compactified configuration space of ./V distinct points in P 1 , 
namely the closure (through the diagonal embedding) of (P 1 ) Ar \Uj :) ' i n 
(P 1 )^ x Ylts^Bl^siP 1 ) 3 , where Ay are the large diagonals in (P 1 )^, and 
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for all subsets S C {1,...,N}, i?^s(P 1 ) denotes the blow-up of the cor- 
responding Cartesian product along its small diagonal. From now on this 
compactification will be denoted by P 1 [A^]. Thus P^iV] may be constructed 
from (P 1 )^ by a sequence of blow-ups of (strict transforms of) all diago- 
nals in (P 1 )^. A different order of blow-ups than the one considered by 
W.Fulton and R.MacPherson in FM also leads to the same result, while 
the intermediate steps are exactly the bases of {G(P n , d, k, t)}k previously 
sought: 

Notation . Let K be an integer such that < K < N. P^iV,^] will 
denote the closure through the diagonal embedding of (P 1 ) 7V \ (J^ • Aj j in 
(P 1 )^ x Uis^n-k^as^ 1 ) 3 , where S stands for subsets S C {!,'..., N}. 

The point here is that for all subsets 5 such that |S| = N — K, all the 
strict transforms A s in P 1 [N, K] intersect transversely and P 1 [N, K + 1] is 
obtained by blowing up P 1 [N, K] along these transforms, in any order. More- 
over, at each step, the scheme P 1 [N, K] finely represents a moduli problem 
of stable parametrized pointed rational curves: 

Definition 1.7. Consider a morphism <f> : C — ► S x P 1 of degree 1 over 
each geometric fiber C s with s £ S, and N marked sections of C — > S. The 
morphism will be called ET-stable if the following conditions are satisfied for 
all s € S: 

i) not more than N — K of the marked points in C s coincide; 

ii) any ending irreducible curve in C s , except the parametrized one, con- 
tains more than N — K marked points (here an ending curve is a curve such 
that, if removed from C, the remaining curve is connected); 

iii) all the marked points are smooth points of the curve C s and C s has 
finitely many automorphisms preserving the marked points and the map to 
P 1 . 

A similar definition of i^-stability can be given for unparametrized ratio- 
nal pointed curves, but then one needs to choose a special point among the 
marked points; let it be denoted by P\. This marked point is not allowed 
to coincide with any other marked point. In condition ii), the parametrized 
component of C is replaced by the component containing Pi. 

Proposition 1.8. The smooth scheme P 1 [A^, K] finely represents the functor 
of isomorphism families of K -stable parametrized rational curves. 

Proof. The proposition may be checked by increasing induction on K. Given 
the universal family U[N,K] — ► P^iV, K] with sections {sj}i<j<7v, then 
the universal family U[N,K + 1] is constructed by blowing up P^iV, K + 
1] Xpi[jv^] U[N, K] along the loci where N — K of the strict transforms Sj : 
P x [iV, K + 1] -> F l [N, K + 1] x P i [JVjK] U[N, K] intersect. The transversality 
properties of these loci lead to the stability conditions in Definition 1.7. 

Given any {K + l)-stable family of parametrized rational curves C — > 
S x P 1 , one may contract the tails with only N — K marked points and obtain 



10 



ANDREI MUSTATA AND MAGDALENA ANCA MUSTATA 



a K-stable parametrized curve C over S. The fact that the morphisms 
S p 1 [N, k] and C -» ?7[iV, if] canonically lift to 5 -» P 1 ^,^ + 1] and 
C — ► U[N, K + 1] results from the universality property of the blow-up. □ 

For example, P^iV.O] = (P 1 )^ and P^JV.AT] = F^N}. 

Let i = (to : ... : t n ) stand for a choice of a homogeneous coordinate 
system for P n . We are now ready to define the notion of t— rigid, fe-stable 
family of maps by relaxing conditions (1) and (2) in Definition 1.4: 

Definition 1.9. A fc-stable family of degree d, f-rigid maps from rational 
parametrized curves into F n is a tuple (C, fj,, £, e, {#ij}o<i<n,i<j<d)i such 
that: 

(1) (C, fi, £, e) is a /c-stable family of degree d maps from parametrized 
rational curves into F n ; 

(2) (C, fi, {Qi,j}o<i<n,i<j<d) is an (n+l)k - stable family of parametrized 
curves; 

(3) via the natural isomorphism H°(F n , Pp»(1)) = H°(C, 0£ +1 ), 

d 

Notation . The contravariant functor of isomorphism classes of (t)-rigid 
families of degree (d, 1), /c-stable maps from rational curves to P" x P 1 is 
denoted by G(F n ,d,k,t). 

Lemma 1.10. G(P n , d, k, t) is finely represented by the total space of a torus 
bundle over a Zariski open subset o/P^n + l)d, (n + l)k]. 

The fine moduli scheme will also be denoted by G(F n , d,k,t). The basis of 
the torus bundle is the open subset Uk C F 1 [(n + l)d, (n + l)/c] parametrizing 
tuples (C f ,{gij}o<i< n ,i< J -<d) I such that the line bundle Oc(^2j=iQij) does 
not depend on i. G(F n ,d,k,t) is pullback of F%(t) to U k . 

We have discussed how Mo ) i(P ?l ,d) is embedded into G(F n ,d). A ra- 
tional pointed unparametrized curve, attached to a parametrized P 1 by 
identifying the marked point with £ P 1 becomes parametrized. Accord- 
ingly, the spaces Mo,i(P n , d, k) introduced in Definition 1.2 also admit local 
finite (Sd) n+1 -covers Mo,i(P n , d, k, t), which are torus bundles over some 
bases. Mo,i(P n , d, t) for instance, has an open subset in M r n +i)d+i <— > 
^o,(n+i)dOP\ 1) as basis, and ¥ 0i i(P n , d, 1, t) stands over pfa+l)^ a fiber 
in the exceptional divisor of F l [(n + l)d, 1] = B1 A (P 1 )0+ 1 H Definition 1.9 
may be adapted to M 0) ( n+ i)d+i(&), by replacing the parametrized compo- 
nent with the one containing the first marked point, and asking that this 
point is always distinct from the others. In [K] Kapranov has already de- 
scribed the construction of M^at+i by successive blow-ups of P^" 2 , while 
Thaddeus remarked in jT] that the order of blow-ups is not important. The 
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intermediate steps employed by us are a particular case of Hassett's weighted 
pointed stable curves. ( |Hasj ) . 

Proposition 1.11. The coarse moduli schemes G(¥ n ,d,k) are obtained 
by gluing {Sd) n+l -quotients of the rigidified moduli spaces G(¥ n ,d,k,t), 
for all homogeneous coordinate systems t on P n . The same is true for 
Mo,i(P n , d, k). There are natural structures of smooth Deligne-Mumford 
stacks associated to both G(¥ n ,d,k) and M 0i i(P ri , d, k). 

Proof. We have discussed how the schemes G(¥ n ,d,k) and Mo,i(P n , d, k) 
are locally quotients of smooth varieties by the finite group (Sd) n ■ Con- 
sequently, they are the moduli spaces of some smooth Deligne-Mumford 
stacks (Proposition 2.8 from (33)- The same notations will be used for these 
stacks as for their schemes. Chevalley-Shepard-Todd in jSTj show that the 
quotient of a smooth variety by a small group (a group generated by ele- 
ments that are invariant along some divisors) is a smooth variety. Thus for 
general k, an etale cover of the stack G(P n , d, k) will be obtained by factoring 
an appropriate neighborhood of any point x S G(F n ,d, k, t) by the largest 
small normal subgroup H x of the stabilizer Stab x C (Sd) n+1 - This is exactly 
the subgroup whose elements fix the points of the universal curve over x, 
and thus fail to contribute to the stacky structure of the space of non-rigid 
fc-stable maps. A detailed proof that G(F n ,d, k) and Mo i i(P™, d, k) are the 
stacks of k— stable maps is written in |MM) . 

When k = d, there are no small subgroups in Stab x , and the various 
G(¥ n ,d,t) form an etale cover of the stack G(F n ,d). For P^(f), the entire 
group (Sd) n+1 is small and PJJ is obviously smooth. For k in the middle, 
the map from G(F n , d, k, t) to G(P ra , d, k) factors as a composition of a GIT 
quotient with an etale map of stacks. □ 



2. Substrata of intermediate spaces 

Notation . From now on, the moduli space Mo i i(P", d, k) will be denoted 
/j 

simply by M . 

There is a canonical stratification of Mo,i(P n ,(i) (and similarly of the 

graph space G(F n ,d)), corresponding to splitting types of curves. The im- 
k 

ages in M induce a canonical stratification. We index the strata by nested 
subsets I of the power set of D := {1, ...,d}. Elements of I label marked 
points or subcurves of the generic curve parametrized by the stratum. The 
incidence relations among elements of I reflect incidence relations among 
the assigned marked points and subcurves. 

Notation . Let V denote the power set of D, and let 

V k = {h e V] \h\ = k} 

and similarly let V>k be the set of cardinal > k subsets of D, V<k, the set 
of cardinal < k subsets. Similarly, for I C V, set := If] Vk etc. 
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Definition 2.1. I C V \ {0, D} is a nested set if, for any two h, h' G /, the 
intersection h PI h! is either /i, /?,' or 0. 

Definition 2.2. Fix a positive number k < d and a nested set / C V\{$, D} 
such that h D h' = for any distinct h, h! G I<d-k- An /-type, /c-stable, 
degree map from a rational curve into P n is a tuple 

{Ph}hei< d _ k , {C h } heI>d _ k ,C, e) 

of a fc-stable, degree d pointed map (C,pi, C, e), together with marked points 
{Ph}h£i <d _ k and connected subcurves {Ch}hei >d _ k satisfying the following 
properties: 

(1) V/i G J >d _ fc , pi & C h C C and deg£| Cft = 

(2) V/i G /<d_fc, dimcokere Ph = \h\; 

(3) compatibility of incidence relations: 

• VTi € /<d-fc, V/i' G />d_fe, hdti iSp h e C h >; 

• V7i, /i' G I>d-k, if ^' C fo, then CV C C/j, if /i C /i', then 

C CV, otherwise Ch n = 0; 
A curve C which admits a set of points and components with the above 
properties is said to be of /-splitting type. 

Intuitively, the points in h may be thought of as the pullback on Ch of a 
hyperplane divisor in P™. 

Notation . Given any nested set / C V, let Gi C Sd be the largest subgroup 
that keeps each h G / fixed. Gi decomposes into a direct sum of permutation 
groups Sh', where h' G V is one of the sets h \ (f)h"ei h"^h f° r ^ G /, or 



Proposition 2.3. T/ie functor of isomorphism families of type I, In- 
stable, degree d maps into P n is coarsely represented by a scheme Mj, having 

k 

a canonically associated smooth Deligne-Mumford stack Mj. (This stack 
actually finely represents the functor). 

b) Given two nested sets I C / as above, then 4>j : Mj — > m\ is a regular 

local embedding of stacks, as long as (J \ I) <( i-k = 0- In particular, M j 

admits a regular local embedding into M k := Mo,i(P ra , d, k). The image is 

a closed substratum M k (I) of Mo,i(P ri , d, k) parametrizing k-stable, degree 
d-maps from curves of I -splitting type into P n . 

c) If \I H Vi\ = m > 1 for some positive I, then the group of symmetries 

k 

S m acts nontrivially on the stack Mj, permuting the elements of Ii, and for 
any h, h' G I\, the transposition r of {h, h'} induces a commutative diagram 



D\(f) h „ei h ")- 



T 




i\{h} 




i\{h'} 
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Proof, a) A finite presentation for m\ is constructed via rigid /c-stable maps. 
We fix a homogeneous coordinate system [ on P". Recall the sequence of 
morphisms: 

M ,i(F n ,d,k,t) ^ G(F n ,d,k,t) P5(t) (pi)d(n+i) ) 

where /j is the composition of blow-down morphisms described in section 1 
and F%(t) is a (C*) n -torus over an open subset of (p 1 ) rf (™+ 1 ). 

Let N = {0, ...,n} and let A^xh denote the diagonal in (P 1 ) rf ( n+1 ) where 
the coordinates corresponding to the set N x h C N x {l,...,d} agree. 
A% xh (F) C G(P n , d, k, F) is defined inductively as follows: A° Nxh (F) = p { ~ 1 (A Nxh ), 
and A k y xh (t) is the strict transform of 

Ak Nxh(t) h y the k ~ th blow 

-up, ex- 
cept at the \h\— th step when the total transform is considered instead. De- 
fine D k Nxh (t] := A k Nxh (i) nM 0A (F n ,d,k,t) and D% xI (t) := Hhel D Nxh(t)- 
Dpj xI (i) parametrizes I-type, /c-stable, degree d, t-rigid maps, in the sense 
of Definitions 1.9 and 2.2. We will also denote this space by M j(t). By the 



standard method employed in Proposition 4 of |FPj . the GIT quotients 



U Dk 9 (N,i)(t) ) /{SdT +l = D k NxI (t)/(Gj] 



n+1 



k 

glue together to form the coarse moduli space Mj. The etale presentation 
k 

of the stack M I is formed, as in Proposition 1.11, from GIT quotients of 

i~ 

small neighborhoods of points x G Mj(t) by the largest small subgroup in 
the stabilizer of x in and for various i. 

b) If /, J are nested sets as above, and if I C J, then there is an obvious 

morphism cf)j : Mj — > Mj, induced by inclusion on the t-covers, as Gj C 

Gi. Moreover, if (J \ I) <rf __ fc = 0, then for any x £ Mj(t) ^ Mj(f), the 
largest small subgroup of its stabilizer in (Gj) n+1 coincides with that in 
(Gi) n+1 . By this feature the morphism (j)j is a regular local embedding, as 
seen on the etale covers of the stacks. This is not the case if there is an 
element h G (J \ I)<d—k' then for most h" E V<_d-k such that h C h" , and 
for x G D k Nxh „{t) n Dft X j(t), the small group (Sh") n+1 is a summand in the 
stabilizer of x in (G/) n+1 , while Gj n = 5^ © S h >/\ h . This prevents the 
morphism from being a regular local embedding in this case. 

c) follows from the local structure described in a). □ 

Notation . Let I C V be a nested set. Then the largest finite covers of 

Mj which embedd into M ,i(P n , d, k, t) are U[ g '] e (5 d /G r )« D (g ,g>)(NxI)(t)> 
for <7o G Sd/Gj. This follows from the stability condition (2) in Definition 

1.9. For a point cc of this cover and t := let Mj(t) denote the etale 
k 

local cover of Mj obtained as a quotient by the appropriate small group of 
a neighborhood of x in the above finite cover, as in Proposition 1.11. The 
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etale covers {Mj(t)} t organize the stacks {Mj}j into an Sd~ network of 
regular local embeddings, which shall be discussed in detail in section 3. 

Consider a nested subset I C V. At the level of local (Gj) n+1 - covers, 

the morphism fj(t) : Mj (t) — > Mj(t) factors into a sequence of regular 
blow-ups and projections of projective bundles. The blow-ups are along 

M Ih (t), for all h € Vd-k \ I- The projective bundles are restrictions of the 

i~ k 

exceptional divisors in the blow-ups of M (t) along M h (t), for all h G Id-k- 

^ 

Their quotients make up projective fibrations over Mj\ 

Notation . Let F h := M ,i(P n , \h\, 1) x P n m£, where the fiber product is 

taken along evaluation functions. Note that there is a natural evaluation 

k 

function at the h-th point evh '■ M h — > P™. Indeed, for a generic point 
^ 

(C,pi,ph, £, e) of M h , e induces a linear system on C(\h\ph) whose base 
locus never contains ph- There is also a natural evaluation function ev\ : 
M ,i(P n , |^|,1) ^P". 

Ph is obtained by gluing (G^) n+1 -quotients of the projective bundles 
P^Mjjk ^) . It will play an important role in the later Chow ring com- 

putations. 

For any J C Vd-k, let Pj denote the fiber product of all pullbacks to 

, k-\-l k 

Mj of the fibrations P^. The morphism fj : Mj — >■ M j factors into 

gj : Mj +l - Pj and ttj : Pj 

Reversing the order, one could also think of Mj as a projective fibration. 
There is a fibre square: 

M k j +1 -Pj 



M k+ \ k j) -M) 

Here M ( ; ) is the space of (k + l)-stable, degree (d — \ J\(d — k))- 
maps from rational curves into P n , with a set of distinct, smooth marked 
points {pi,{ph}hej}- Locally this is the (Gj) n+1 - quotient of the blow-up 
of M k j{t) along all M k j h (t), for h G Vd-k disjoint from the elements of J. 

Remark 2.4. Consider any h € Vd-k \ {0, D} and any nested set / such 
that I ^ I U {h} is again a nested set. The space M Ih maps into one 
component of the blow-up locus at the fc-th step in Mj. The components 
of the blow-up locus correspond to the different types of positionings of 
cardinal k subsets h C D with respect to the elements of /. 
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3. The Chow ring 

Previously we have found Mo j i(P n ,d) =: M d to be the end product of 
a sequence of birational transformations. This section is concerned with 
the Chow ring computation of this space. The inductive method centers on 

/c+l k 

writing the Chow ring of Mj as an algebra over that of Mj , for any nested 
subset I C V and any step k. The calculation is done in two parts, each 
adapting methods employed for a usual blow-up (see [Fj, |Kej ): the classical 
calculation by Grothendieck of the Chow ring for a projective fibre bundle 
is extended to the case of a weighted projective fibration via localization. 
Then, the Chow ring of a weighted blow-up along a regular local embedding 
is related to that of its exceptional divisor via essentially a self-intersection 
formula. As the exceptional divisor displays multiple components at the 
level of etale covers, its self intersection becomes more involved and justifies 
the introduction of a network containing multiple copies of strata. 

Localization. Here the Chow ring of a weighted projective fibration is com- 
puted as an algebra over the Chow ring of the basis, via localization. The 
working examples are Mj — > P n and P^ — > M h . In the first case, the under- 
lying action of the group (Gi) n+1 on a cover plays an important role, in the 
second case this group is (Sh) n • The first lemma defines the properties of 
a weighted blow-up, going from local to global presentation. 
Let G be a finite group. 

Lemma 3.1. Consider a birational morphism of reduced schemes tt : X — » 
X. Suppose that X can be covered by open sets of type U = U'/G and that 
7r _1 (J7) = U'/G, where U' is the blow-up of V along a reduced locus Y' 
which is left point-wise invariant by the action of G. Then 

a) X is a weighted blow-up of X along a locus Y, namely, 

x = Proj(e n > 2:„) 

for an increasing filtration {X n } n >o of the ideal Ty , such that Iq = Ox, 
X\ = Ty and T n Z m C Z m+n for all m,n > 0. 

b ) The reduced structure of the exceptional divisor in X is 

E = Proj(© n > T n /2" n+ i). 

Proof, a) Let E denote the exceptional divisor of it : X — > X, and Y its 
image in X. Ie and 2y will denote their sheaves of ideals. The sheaves 
In '■= k*I e form a filtration of Iy such that Tq = Ox and IjXk Q Tj+k 
for all indices j, k. It remains to show that X = Proj(© n >o^n). Indeed, 
7r _1 (C7) = Proj(© n >o(/*2Ty/) G ), where / is the morphism from U' to X. 
Also, if / is the morphism from U' to X, then over 7r _1 (i7), I E = (f*I' E ,) G , 
where E' is the exceptional divisor of U'. If tt' : U' — > V is the blow-down 
morphism, then = (f*<l E 'f = ^*( T e)\U =^ a - 

In the same way, I n /I n+ \ = tt*(Z e /T e +1 ). 
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b) We claim that the reduced algebra of Oy <g> (© n >o^n) is ® n >oI n /I n +i. 
Let J be the ideal of Oy % (©n>o2n) generated by the images of the 
morphisms cf>k : Oy <8> Ik+i —> Oy © Ik- The ideal J is nilpotent. In- 
deed, let i be a section of Im For any j > k, x- 7 = x^~ x x is a sec- 
tion of X(fc + i)(j_i)2V C ZkfLy. On the other hand, Oy (8) {® n >oIn)/J — 
® n >oI n /T n+ i and ® n >6^n/^n+i 1S reduced because it is locally the G- 
invariant part of (& n >oI Y , /lyt 1 ■ 

□ 

Keeping the notations from above, further assume that each U' is a 
smooth scheme on which G acts as a small group, and that Y' C U' is 
a regular embedding. This local situation may be expressed globally by the 
following properties of the filtration Z^: 

(1) ik nx y = Ylj=i3-jZk-j, 

(2) Ik/(Ik HZy) is a subbundle of the conormal bundle 2y/I Y - 

These requirements are the minimum that insure a natural structure of 
smooth Deligne-Mumford stack on X. Under these conditions, the following 
Lemma holds: 

Lemma 3.2. a) The normal bundle in A := Spec(© n >oX n /2 n+ i) of the 
fixed locus Y under the natural C* action on A is 

Ny\ A = ®n>lNn/Nn+l, 

where {M n } n is the filtration of the normal bundle My\x dual to the filtration 

{l n /(l n nly)} n Ofly/ly. 

b) There is a ring isomorphism 

< ry\x{T) > 

where Py\x(t) is the top equivariant Chern class of the bundle Ny\A- ^ n 
particular, the free term of Py\x(t) is the top Chern class ofMy\x- t is the 
first Chern class o/C?e(1). 

Proof. a)The ideal of the zero section Y in A is ® n >\I n /I n+ \. There is a 
natural morphism of modules over ©„>oX n /X„ + i: 

®n>\Tn/T n +l — ► ©n>l2ra/(2ra+l + %n HZy-) = (B n >l~ — F 2 ' 

- t n+l/- t n+l I I -Ly 

The kernel is © n >i(X n nly)/(l n+ i fllj-), which by property (1) above, is 
isomorphic to (ffi„>iJ n /2" n+ i)) 2 . 

b) Consider a finite G- cover {Uf}i of X and {Y(}i of Y such that the 
blow-ups of U- along Y- form a G-cover of X. Let {E{\i form the corre- 
sponding open cover of E. A canonical stratification {Vi}i of E is assigned: 
Vi = Zi-i\Zi where Z$ := E and Z\ := E \ (U}=i Ej) f° r i > 1- A standard 
argument based on the open-closed exact sequence of Chow groups of each 
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Zi-i = Vi U Zi leads to the following generators of A*(E) as an A*(Y)- 
module: t 1 , for all % such that < % < e := codimx Y. Here r denotes 
ci(0e(1)). 

Moreover the following relations hold: 7r*(r l ) = for all i < e and 
7r*(r e ) = [y], where 7r is the morphism 7r : E — > y. We will now find a 
relation 

e-l 

(3.1) ^ + ^^ = 

i=0 

on P. There is a C*-equivariant morphism 

P : N E ^ := Spec(©,-2£/:Z^ +1 ) —>■ A = Spec(©„> T„/2 n+1 ) 

for the natural C* - actions having P and Y as fixed loci. An elementary 
form of Atiyah-Bott localization formula applied to F yields: 

F 1 _ 1 

where c e t l p denotes the equivariant top Chern class. As c^ p (J\f E ^) = t — r, it 
follows that cH p {My\a) is the inverse of the Segre series X^'>e-i ^*(7" J )i _J_1 - 
This implies that r is the root of the polynomial (AVm). □ 

The above lemmas apply to any projective morphism of stacks P — > Y 
together with a sheaf C on P, satisfying the following conditions: Y may be 
covered by open subsets Y' such that there exist a G-equivariant projective 
bundle tt' : P(V) — > y' and a morphism ^ : P(V) — > P whose image is 
P(V')/G; locally £ is the sheaf of G-invariant sections of Op(y/)(l) and 
G acts as a small group on 7r^0p(y/)(l). Then P = Proj(© n 7r*£ n ) is the 
exceptional divisor of the following weighted blow-up: 

X := Spec(© n £ n ) -> A := Spec(© n vr,/: n ). 

We say that P is a weighted projective fibration. 

The first application of interest to us is to the first intermediate moduli 
space and its substrata Mj, for a partial partition P 

Notation . A set / = {hi, h s } is called a partial partition of {1, d} if 
hi,...h s C {1, ...,d} are disjoint subsets. We denote by lj := J2i=i 1^*1- 

There are two important classes on m\: the pullback H of the hyperplane 
class in P n via the natural evaluation map; and the cotangent class tp, the 
first Chern class of the line bundle s? (o^i ixr i ) , where 7r : Pr — > M f is the 
universal family and s\ is its canonical section. 

Lemma 3.3. The Chow ring with rational coefficients of m\ is 
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where 

d-U 



i=l 

Proof. Recall that G(F n ,d, 1) is the weighted blow-up of P^ along P 1 x P n 
in the sense of Lemma 3.1, and M 1 is the restriction of the exceptional 
divisor to {0} x P™. Given any partial partition /, Mj is the restriction to 
{0} x F n of exceptional divisor E in the weighted blow-up of (P 1 )* x P^_/ 7 
along P 1 x P n . By a classical argument, pullback of the class [E] from this 
weighted blow-up to Mj is —tp. If the points of P^,P^_^ are understood 
modulo constants as (n + l)-tuples of polynomials in one variable t, then 
the map 

(pi)* x P S _^p« 

is the multiplication of each of the (n + 1) degree (d — lj) polynomials by the 
polynomial ]li=i(M -a^'H for each {(m : frj)}i<j< s G (P 1 ) 3 . The blow-up 
locus P 1 x P n is embedded by: 

pl x pn _^ (pl)« x ¥ n d _ h 

{(a : b), (g : ... : g n )) - ({(a : &)}!<,<„ {{at-b) d ~ 1 ' m : - : (at-6) d -'^„))). 
The normal bundle 



A/f>l x pn|(pl)s x pn_^ 



admits a natural filtration {Mk}k described in Lemma 3.2. Here 

Mk = (Opn ffi ©^J"^^ ll ^ 'Opn(l)) /Opn = A/pl x pn | (pl )s x pn 

C* acts on the bundle AT = ffijfcA4/A4+i with weights (1, d — lj), and the 
top equivariant Chern class of M is thus 

d-lj 

Ppl xP n|(pl) Sx pn_ ( (t) =t S 1 ]^[(F + it) n+ ' 

1=1 



pn 



Thus by Lemma 3.2, 



(i7 n + 1 ,P P l x pn|(pl) SxP n_^(V')} ' 

Looking at the pull-back morphism A*(M 1 ;Q) — ► A*(m};Q) we find 

the class of m) in M 1 to be a multiple of tp~ s Ud-h+ii 11 + iip) n+1 . For 
dimension reasons, the coefficient is a constant and moreover, after push- 
forward to P™ we find the constant to be 1. Therefore 

d 

(3.2) [M)]=^- s II (H + i^r +1 . 

d-h+l 

□ 
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The next example where Lemma 3.2 applies is the fibration P n — > m\ 
defined in section 2. Indeed, P/i is the pullback to M h of the weighted 
projective fibration Mo,i(P n , \h\, 1) — > P n , and therefore, its Chow ring is 

generated over .A*(M ft ) by the class the pullback of the cotangent class 

on M 0i i(P n , \h\, 1). From a different perspective, the conormal bundle of 

— fe+i — fc+i — fc+i 

M h in M descends to P n , being constant on the fibres of gh ■ M h —> 

Pft. The first Chern class Th of the descent bundle is an alternate generator 

of the Chow ring. Moreover, 

Lemma 3.4. There is a filtration {Mj}j of the normal bundle M^k ^k such 
that 

A*(F h ;Q) = A*(M k h )[r h }/ < P h (r h ) >, 

where Ph(t) is the top equivariant Chern class of the fibre bundle Mh = 
@jMj/Mj+\ with respect to the natural C* action. 

Proof. Consider the t-covers of sections 1 and 2, and the blow-up M(t) of 

M k (i) along M k h (t). The quotient by (Gh) n+1 of the exceptional divisor is 
an open subset of P^. Following the discussion in Proposition 1.11, quotients 
by small subgroups in (Gh) n+1 yield locally an etale cover of P^. 

The quotient M(t)/(Sf l ) n+1 is a weighted blow-up and thus Lemma 3.2 
applies to the etale covers of P^, yielding the filtration of the normal 

bundle J\f— k ^k. Indeed, for all x G M(t), the largest small subgroup H x 

of the stabilizer of x decomposes into (Sh) n+1 © H' x , such that the weighted 
blow-up structure of M(t) / (Sh) n+l descends through H' x . Functoriality of 
the constructions in Lemmas 3.1 and 3.2 insures the gluing property of the 
filtration {Mj}j under different etale maps, and for different is. □ 

The preceding examples set up the first induction steps in the calculation 
of A*(Mj). The general step relies on the following construction: 



The Chow ring associated to a network of regular local embed- 
dings. Let V be a finite set and let G be a finite group acting on V. 

For every subset I C V, Gi denotes the largest subgroup of G that fixes 
all elements of /. Among subsets of V, we consider a special family closed 
under the G-action, which will be called the family of allowable sets, such 
that if / is allowable, then any of its subsets is allowable too. 

Definition 3.5. A G- network of regular local embeddings indexed by al- 
lowable subsets / of V is a category of smooth Deligne-Mumford stacks 
{Mj}i c -p with unique morphisms 4>j : Mj — ► Mj for every J D J, canoni- 
cal isomorphisms g : Mi — > M g (j) for every [g] G G/Gi, and a set of etale 
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covers by schemes Mj(t) — > Mj, such that there is a Cartesian diagram 



Mj ■ >M 7 , 

each morphism Mj(t) -> M/(t) is an inclusion, Mj(t) f| Mfl-(i) = Mjy ^-(i) 
in Mjpi^(t), and all intersections are transverse. 

We will write I J for I [J J when I U J is allowable. 

The stacks Mj with 7^0 minimal among the allowable subsets of T 3 will 
be called generators of the network. 

Notation . We will denote the image of 4>j by Mj(J\I). This depends only 
on the class of J modulo the action of elements in G/Gi. The morphism 
4>j factors through a finite map : Mj — > Mj(J \ I) and an embedding 
j T j : Mj(J\i") -> M/. When I = we omit the subscript I. Thus M denotes 
the final element of the category. 

A notion of extended Chow ring is assigned to a G— network of regular 
local embeddings by concatenating the Chow rings of all network elements, 
modulo a natural equivalence relation which keeps track of the structure at 
the level of etale atlases: 

Notation . Fix I C V allowable and h € V such that I U {h} is allowable. 
To any cycle a = [V] G Zi(Mj(h)) we will associate a cycle ah € Z\{Mih) 
as follows: 

a h = ^2 

where {V^}j are the ^-dimensional components of 

Definition 3.6. The graded Q-vector space B*(M; Q) is defined as follows: 

dim(M) 

B*(M;Q):= B l (M), 

1=0 

where the extended Chow groups are 

B l (M) := ® I Z l - codim ^ 1Jl (M I )/ ~, 

the sum taken after all allowable subsets I C V with codim-^-M/ < I. The 
equivalence relation ~ is generated by rational equivalence together with 
relations of the type: 

[9}£G/G h 

for any cycle a G Zi(Mj(h)), where a g (h) 1S the corresponding cycle in 

Mlgih)- 
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Example 3.7. With the notations from section 2, G := Sd acts on V^d-k '■= 
{h C {l,...,d}; \h\ > d — k}. Whenever I > k — 1, the set of strata Mj 
indexed by nested subsets / C V > d-k forms an Sd- network. The associated 

extended Chow ring will be denoted by B*{M , k). For example, B*(M , k) 
corresponds to the network generated by normalizations of all exceptional 
divisors (and their strict transforms) from the steps 1 to k. 

Pullbacks by the morphisms f\ : M^ +1 — > m\ are compatible with the 
equivalence relation ~ and add up to a global pullback /'* : B*(M ,k) — > 
B*(M l+ \k). 

Example 3.8. Given any G-network and a fixed member Mj, the sets 
{Mj}j3/ and their morphisms form a G/-network. There is a natural 
morphism of graded vector spaces: B*{Mj) — > B*(M), of degree equal to 
the codimension of Mj in M. In addition, for J D I there are natural 
pullback and pushforward morphisms 4>j* : B*(Mj) — > B*(Mj) and i^j^ : 
B*(Mj) — > B*(Mj) obtained by concatenating the usual pullbacks and 
pushforwards on substrata. Compatibility with ~ is easily checked. 

A distinctive feature coming from the etale structure of a G-network is 
the following "excess intersection" formula: 

Lemma 3.9. Given any allowable I, h G I, and a G A*(Mj(h)), the fol- 
lowing relation holds: 

(3-3) ttWih*(<*)) = ®h ■ ctop{Mj! h \M) + ftL'Jihh'M 

where h! = g'(h) for some [g'\ € G/Gh- Here ct op (Njj ijj) denotes the top 

Chern class of the given normal bundle. The term ^jhh'*^ihh'( a h') does not 
depend on the choice of h! . This term supported on Mih(h') C Mjh satisfies: 

(3.4) tiL>MvM - £ C(i)Kw)- 

[gMe]eG/G h 

Proof. Given an /-dimensional class jf h *((x) = [V] on Mj and the preimage 
Vh of V in Mjh, the image of [V] through the Gysin map </>|f is the inter- 
section class of the zero section in J^jj Ih \jj I with the cone of Vh in V. By 
Definition 3.5, at the level of etale covers this cone has multiple components 
indexed by [g] G G/Gh, which yield the above sum. □ 

Remark 3.10. For any allowable {h} UJcP, there is an isomorphism of 
normal bundles ■^M Jh fM J — ^ h ]h^'u h \M- Thus for any allowable set I CV, 

hel 

The next definition and lemma introduce a ring structure on B*{M). 
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Definition 3.11. Multiplication on B*(M) is denned as follows: given any 
two classes a G A* (Mi) and (3 G A*(Mj), let 

a- r (3:= • • c iop (<^* A% /nj|I7 ) 

in A*(Mj\jj). Here <^/*j are the (generalized) Gysin homomorphisms, 
as denned in [3Z]. 

Lemma 3.12. B*(M) with the multiplication - r admits a natural structure 
of graded Q- algebra. 

Proof. We will denote ctop{Mjj h ^) by £ h . 

Clearly the multiplication preserves the grading. The associativity is 
straightforward: for any a G A* (Mi), P G A*(Mj) and 7 G A*(M K ), 

a - r (P - r 7) = (« v /?) > 7 = 
= a ■ P ■ 7 • (rihe/runK fiiuJUK^h) ' (ri/ l e(/nj)u(/nA')u(Jni : s') 

The compatibility of the equivalence relation ~ with the multiplication is a 

consequence of the previous lemma: 

Consider first jj h ^a,P G A*(Mi). Via projection formula: 

3lh* a 'rP = j\h* a ■ P ■ c topi.^M I \M) = JlhM ■ JlhiP ■ ^oP^MAm))) ~ 

Since P ■ ct op (A/^ \M) is a class on Mj, the following holds: 

(a • jf£(/3 • ctopiAf-M^M^h = ot h ■ 4>il(P ■ ctop^M^M)) = ah > /?• 
If jjf^a G A*(M/) and P G with 7 + J, then by definition: 

Jlh* a -rP = fix>jUih* a ) ■ ^iuj(P) ■ ^op(^{]j*^M Injl M)- 
Set 7 = <f>iuj(P) • c top (^i{]j*J^M InJ \M)- The morphism 7 may be split 
into a composition of pullbacks <j>i"* ^ with 7o := 7, 7|j\/| = 7 U J and 
|7 s+ i \ 7 S | = 1. After successive applications of Lemma 3.9: 

¥iuj3ih* a = EheJ\i ffifrxh ■ + ¥ { ?dj)h>J(iuj)h' a h' 

for some h! = g(h) 7 U J. By formula (3.4), 

^/uj 21 h'* _ -juj f ^/uj xih'* n .. . aIuj* \ ^ 

( P(Iuj)h>* ( P(ILiJ)h' a h' T _ 3(IL)J)h'* ^(/UJ)/i'*^(/UJ)/i' a ^' 3(i\jj)h'1) 

Putting it all together, jj h *a> > /? is equivalent to the following sum: 
T,h'=g(h)eJ\l <t>Iuj( a h>) ■ MuAP) ■ ^SP h '*^M lm3)hf ^)+ 

+ T,h'=g(h)£JUI ^(JUJ)ft' • <P{l* U J)h'(P) ■ C top(^uJ )h ^M InJ \M) ~ 

□ 
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Lemma 3.13. a) Given a G Zi(Mj) and I C J, the following relation 
holds: 

where g : Mj — > M g ^ is the canonical isomorphism of Definition 3.5. 

b) The morphism 

Z*(M{h)) -^U B*(M) 

a > T,[g]eG/G h a 9(h) 

factors through rational equivalence. 

c) The following sequence is exact: 

A*(M(h)) °*'~ e(fe)) ) A*(M)eB'*(M) > B*(M)^0> 

where B'*(M) := {® m Z l ~ co ^M^ i (Mj)/ ~). 

Proof. Consider a cycle a = [V] G Zi(M(h)). Recall the corresponding cycle 
ah G Zi(Mh) introduced for Definition 3.6. Assume that there is a sequence 
of distinct elements hi, ...h m in the G-orbit Gh, such that V C M{hi...h m ) 
but V (t M(h\...h m+ \) for any h m+ \ G Gh distinct from the previous. The 
morphism Mf l {h2...h m ) — > M{hh2-..h m ) is m : 1, which leads to the following 
decomposition: 

a h = ^(al + ... + aZ) 

(possibly a\ = a J h ). The same decomposition holds for ck^m, where by 
convention, a g{K) := g*{a\) for all [5] G G/G h . 
The following equality holds in B*(M): 

(3-5) E K(*)i= E Kw] 

[ff]eG/G h fo]eG/G h 

for any i G {1, to}. 

Indeed, each cycle £ Zi(M gi (h)(92(h)...g m (h)) is equivalent via ~ to 

a sum of cycles on M gi ^ ... Sm (/i), for all tuples of distinct g2, ■■■,g m G G/Gh 
allowable. Let := <?i(/i). Thus: 

(m-l)! 

E< ~ E E 

hi hi,...,h m j=l 

where ctj^ hm are the cycles of the /-dimensional components in <f>^ h2 (V% ) , 
for the (m — 1)! : 1 map (fy 1 h ^ : Mh x ...h m - * M^. The multiplicity of each 
component oi£ h in a l hi is 1 since there are (m — 1)! permutations of 
{I12, h m }. On the other hand, the etale structure of the G- network 
implies that for each allowable set / = {hi, h m } C Gh, the preimages 
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U/n ) 1 (Vh-L ) anc ^ §1 1 W) have the same Z-dimensional components, with 
same multiplicities. Thus we have shown that Ylhi a hi ^ oes not depend on 
i, which proves the claim. 

Claims a) and b) follow from the previous relation. Indeed, given a £ 
Zi(M j), it is enough to notice that {4>j*ct)h contains a as a summand of its 
components for any h G J\I, and then apply ~ and relation (3.5) to obtain 
a). _ 

For b), consider a cycle a £ Z[(M(h)) rationally equivalent to 0. We may 
assume for our purposes that a = [div(r)] for a rational function r on a 
(I + 1) -dimensional scheme W C M(h). If we denote by the restriction 
of r o (j) h to the (I + 1) -dimensional components of ^^(W), then ^ 1 (0) 
may capture only some of the ^-dimensional components of 0^ 1 (r _1 (O)). 
However, via relation (3.5), 

h h 

and the same is true for oo. Since [div(rh)\ = in Ai(Mh), it follows that 
J2 h [div (r)]h = in B(M). This finishes the proof of b). c) is a direct 
consequence of b) and the definition of B*. □ 

The usual Chow ring of M may be recovered as invariant subring of 
B*(M): 

Lemma 3.14. The action of G onV induces a canonical action on B*(M). 
Then 

A*(M) = B*(M) G . 

Proof. By definition, the image of the natural morphism of A* (M) — ► B* (M) 
is clearly included in B*(M) G . A right inverse of this morphism is given by 
the global push-forward morphism $ : B*(M) -> A*(M). For a £ Aj(M/), 
let 

$(a) := fc|j|0j*a, 

where ki := is chosen such that $ is compatible with the equivalence 

relation in B*(M). $ plays the role of Reynolds operator: it is clearly 
invariant with respect to the G-action, and Lemma 3.13, a) implies that 
$(a) = a for any a G B*{M). □ 

The extended Chow rings of the moduli spaces M k and their sub- 
strata, are computed here inductively after the order of blow-ups. At 

step k + 1, and for fixed I C V, the ring B*(M T , k + 1) is expressed 

j. k 

as an algebra over B*(M I ,k). We recall that B*{M j,k) is the extended 

Chow ring of the network generated by all normalizations of the exceptional 
divisors of M j from previous blow-up steps. An intermediate algebra is 
B*(Mj,k + 1), whose network has the (k + l)-th blow-up loci as addi- 
tional generators. Lemma 3.15 expresses B*(M T ,k + 1) as an algebra over 
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B*(Mj,k) and Lemma 3.19 describes the algebra B*(Mj , k + 1) over 
B*(Mj,k + l). For this we remember that modulo an equivalence relation 
~, B*{Mj , k + 1) is made by summands \ l(Mj , /c) for all allow- 

able sets J such that I Q J C V and J\I C Vd-kl similarly B*(Mj, k + 1) 
is made of J \ J l e (Mj, &;) for the same set of J-s. Lemma 3.16 identifies 

generators for the modules B*(M j ,k) over B*(Mj,k), while a suitable 
pullback compatible with ~ is written in Lemma 3.17. The calculations are 
hardly surprising - they essentially transpose the usual Chow ring compu- 
tations of [F], |Kej into our context. 

A thread of induction goes through Lemmas 3.15 -3.19: we assume them 
true at all previous blow-up steps and for all J D I. The Lemmas are trivial 
at step 1, and for J large enough that there is no element h € V>d-k \ J 
compatible with J, Lemma 3.4 applies since then Mj = Pj. 

Notation . We will employ the same notation T h := -[M Ih ] £ A°(M Ih ), 
for all / > d — \h\. The first Chern class of the normal line bundle Af-^i lT7 i 

M Ih\ M I 

will be denoted by —r^. 

We will omit the superscript I for morphisms between /-th intermediate 

spaces, as it will be visible in the superscripts of the domains and codomains. 

fc+i -k 

In particular, the blow-down morphism Mj —t Mj will be denoted by //. 

Lemma 3.15. Assume that the pullback morphisms 4>j* : B*(M k ,k) — > 

B*(M k j, k) are surjective for any I C J such that J \ I C V>d-k- Then the 
following Q-algebra isomorphism holds: 

B*(M k j, k+l)<* B*(M k j, k)[{y h } heVd _ kV }/2, 
where the ideal 2 is generated by: 

(1) y\ = yha, where a E B*(M k ,k) is a class whose pullback to each 
M Ih is the first Chern class of the normal bundle Afjjk ; 

(2) yhUh' unless hDh' = h,h' or 0; 

( 3 ) Y\haJ\i ¥j* , f° r an V J as above; 

(4) (E he v d _ 

y h )T h , = -[Mj h ,{h)\ for any h' € V>d-k U I, 

where M Ih ,(h) <— ► M Ih , is the image of M Ihh i in M Ih ,, for any 
choice of h € Vd-k \ I such that h n h! = 0. Here by convention 
the formula also holds for h! = ; where is the unit element in 
B*(M k ,k + l). 

Proof A morphism F : B*(M k , k+1) -> B*(M k , k)[{y h } heVd _ kV ] is defined 
on the generators via the isomorphism 

Bi(M k , k + 1) = B^ J ^ e (M k j, k)/ ~, 

JDI,J\ICP d - k 
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where e = codim— k M h = (n + l)(d — k) + 1, and the equivalence relation 
~ previously defined holds for h <G Vd-k \ I- 

Given J as above and aj <E B l (Mj, k), there exists aj in Bl+\J\i\e(Mj,k) 
such that aj = 4>j*ctj. Define F(aj) := aj rj ftg j\i Vh- Relation (3) insures 
that the definition does not depend on the choice of the class dj. Moreover, 
compatibility with ~ reduces to relation (4) via the surjectivity of 4>j* h for 
any h G Vd-k- Finally, relation (1) makes F into a morphism of rings. 
The inverse morphism is identity on B*(M I ,k) and takes yn to the class 
[M k Ih ]GB°(M k Ih ,k). 

□ 

Lemma 3.16. The generators of the B*(M I: k) -module B*{Mj ,k) are 
linear combinations of products Y[heJ\i^h h > $ or a ^ a ^ owa °le J 5 I such 
that J\I C Vd-k, and < lh < e. 

Proof. The usual open-closed exact sequence implies the surjectivity of the 
map between graded modules: 

f*B*(M k , k) B*(M k+1 (h), k) -> B*(M k+ \ k), 

j fc+i 

for /i e T'd-A: \ I- Any generator /3 of j Ih ^B*(M I (h),k) is an element of 

j Jhif A* {M j (h)) for some nested set J D I such that J\I C V > d-k, there- 
fore being invariant under the action of the group C Sd which leaves all 

elements of J \ I invariant. On the other hand, jj h:¥ B*(Mj (h), k) is em- 
bedded in B'*(M k j +1 , k + 1), which is generated by B*+ e \ K \ J \ (M^ 1 , k), for 

all K D J such that K\J C Vd-k- By induction, generators of B*(M K , /c) 


are written over B*(M K ,k) as polynomials in {Th}heV d -k- ^ follows that 



(3 has a polynomial expression of variables {yn} and {T/j} over B*(Mj,k), 
for all /i £ Vd-k, the exponents of T/j not exceeding e by Lemma 3.4. Let 
a € B e (M , k) be a class whose pullback to M fe is Cto P (ACjfc,-^fe). Invariance 
to Gj\/, combined with relations 

2/1 = Vha and T ft y ft = T A a 

imply that (3 has in fact a polynomial expression of variables {T^} and 

{yj(h) = J2h'Vh'}, over B*(M j,k), where h G "P^-fc and the sum is taken 
after all h' £ Pd-fe having the same set of incidence relations with the 

elements of J as /i. This concludes the proof, as y,j(h) <G B*(Mj,k). We 
note that [3 also exhibits invariance to Gj\i as a polynomial in {T/j}, but 
this condition does not concern us here. It will be useful for Corollary 3.18. 

□ 
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Notation . Set e := (n + - k) + 1. We will denote by P_ fc| _ fc (t) G 
B*(M k I: k)[t] a fixed polynomial 

e-l 
i=0 

whose pullback to B*(M Ih ,k)[t] is Pf,,, the polynomial of Lemma 3.4, and 
whose free term is y^. 

Define Q h (t) := P ^l^ (0) ~ P ^ fc(t) . 

Th will denote the first Chern class of the conormal line bundle AT— k+ -, k ,-, , 

M k h +1 \M k+1 ' 

as well as its pull-backs to any M . Recall that t\ = —T^ +1 by the multi- 
plication rule in B*{M , k+ 1). Thus when h G /, Th and Th will designate 
the same class on Mj +1 . 

Lemma 3.17. Assume that the pullback morphisms <fij* : B*(Mj,k) — > 
B*(M h j, k) are surjective for any I C J such that J \ I C Pd-k- Then the 
morphisms ofQ-vector spaces /} : B*(M k j,k) — > i?*(Mj +1 , fc), 

/}(<*) := /}(«) J] Qfcfa) 

for all allowable sets J as above add to a global pullback 

f} : B*(M k j, k + 1) -> 5*(mJ + \ fc + 1). 

Proof. Due to the surjectivity of the maps </>j*, compatibility with the equiv- 
alence relation ~ reduces to the following fact: given J D / as above, and 
given y := [M^)] G j 4°(mJ(^)) and y h := \M k Jh ] G ^°(M^) such that 
jjh*V = Eft Vh in B*(Mj, fc + 1), then 

(3-6) fjj J jh*y = Y,^{r h ) 

h 

in B*(M j , k + 1). This is proved by decreasing induction on |J|. Indeed, 

fjjjh*V = jjh* a = J2h a h for some class a G A°(Mj +1 (h)). Moreover 
by the previous lemma, jj hif a ma Y be written as a polynomial of variables 

T h := -[Mjt 1 ] G ^(Mj^ 1 ) over B *(M k j,k), of degree no larger than e 
in each variable. Moreover, for dimension reasons, can only appear in 
jjh* a w ith a numerical coefficient bh- In fact, &/,, = —1, as can be seen via 
the push-forward f h * : B*(Mj^\k + 1) i?*(Mj +1 (^), fc + 1) (as in the 
end of section 2), because fh* maps each monomial T l h h into zero whenever 
lh < e, and maps T% into yh- It remains to find the other coefficients. 
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Pullback to M Jh and the intersection formula of Lemma 3.9 yield, on 
the one hand: 

4>j*hjjh*» = 4> J jlf*jjj h *y = fjh$jhJjh*V = fjhiceiM^jjk) + y h (h!)) 

where yh(h') = ^jhh'^Jhh'Vh' 1S the class of the blow-up locus in M k Jh . As 

a polynomial over B*(M^ 1 , k + 1), $jhjjh* a preserves the form of jj h * a - 
Pullback from P^ of relation in Lemma 3.4 yields 

C ^ N M k h \M k ^ = T hQ( T h). 

By induction, f} h yh(h') = Ylh' T h'Q(Th'), the sum being after all ft' G Vd-k\ 
Jft compatible with ft. Therefore in B*(M j , k + 1), 

j J Jh ,a = T h Q(T h ) + Y J T h ,Q(T h ,), 

h' 

modulo ker0* : B*(M k ,k) -► B*(M k hl k). Applied for all ft G V d -k, this 
completely determines the coefficients of a as a polynomial in {Th}h- This 
ends the compatibility check. 

It remains to prove that fj preserves the multiplication structure. Given 
the definition of ff, the only relevant case is that of fj(y%), when yh := 

[M Ih ] G A°(M Ih ). Then y\ = ay h , where a G B*(M ,k) is a class whose 

pullback to B*(M k h ,k) is CeCA/lj*^). Thus //(y^) = -T h Q(T h )a. On the 

other hand, fj{yh)fj(yh) = ~T^Q(Th) 2 , which equals the former expression 

since T h Q{r h ) = ^(A/^fc^fc) on M Jft . 

□ 

Corollary 3.18. An element (3 G B*(Mj , fc) is zero if and only ifTh/3 = 
/or a// ft G V d -h and //*(/?) = in B*(M k , k). 

fc+i 

Proof. Recall that the map // factors through gj : Mj — > Pj and : 

Pj — > Mj. On the weighted projective fibration : Pj — > Mj the result is 
trivial. Thus we may assume gi*((3) = 0. 

By Lemma 3.16, an element j3 G B*{M T , /c) can be written as a polyno- 

k 

mial of variables {Th}, ft G "P^-fc over B*(Mj, k) , the exponents of Th not 
exceeding e. This can be refined to exponents strictly less than e, due to the 
invariance of under some group Gj\j, discussed in the proof of Lemma 
3.16, and to relation (3.6) in Lemma 3.17. Consequently, gi*((3) is the term 
free of variables {Th}hgi- 

Fix ft 7. The pullback 4>j h P has the same polynomial expression as 

(3, but over B*(M Ih ,k). As M Ih is a weighted projective fibration in the 
ft-direction, the annihilation of TX/3 implies that /?, as a polynomial in Th, 
has all coefficients in ksr<j) Ih C B*(Mj,k) (see Lemma 3.4). Inductively we 
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reason that the coefficient of Y[heJ\i^h h m P * s an element of kevtftj*, for 
each allowable J with J\I C Vd-k- This concludes the proof, as the relation 

[] 7^ker#* = 

/iGJ\/ 

is inherent in the multiplicative structure of B*(Mj , k + 1). 

□ 

Lemma 3.19. Under the same conditions as in the preceding lemmas, the 
following Q-algebra isomorphism holds: 

B*(M k+1 , k + 1) ^ b*(mJ, fc + i)[{r ft } h67 , d _j/.7, 

where the ideal J is generated by: 

(1) T h T h > unless hp h' = h, h' or 0; 

( 2 ) IlheJ\l T h ker ¥j , for any J D I such that J \ I C Vd-k', 

(3) P^H^iT^^orallheVd-k. 

Proof. We denote by QB*(M k+ \ k+1) the fl*(Aff, fc+1)- algebra B*(mJ, k+ 
l)[{Th}heVd-k\/ ■ There is an obvious morphism of algebras: 

$ : QB*(M k j + \ k + 1) -> B*(M k j + \k + 1), 

sending each generator into the class — [M Jft ] € B'(M Ih ,k). Indeed, 

by Lemma 3.17 and the multiplicative structure of B*{Mj , k + 1), all 

generators of J map to zero in B*(Mj ,k + l). It remains to construct 
the inverse of <I>. 

Via the surjective map ftB*(M k ,k) ® B* (M k+1 (h) , k) -> B*(mJ +1 ,A;), 
the exact sequence of Lemma 3.13, c) can be further refined to 

BK*(M k+ \ k) -> f}B*(M k j, k) j b'*(mJ +1 , fe + 1) — > B*(M k+ \ k + 1) 

where BK l (M k+ \k) = {a £ B l (M k+1 (h), k)\j u a G //j/»5*(¥j(/i), £;)}. 
Let the rightmost morphism above be ^. There is a natural morphism of 
£*(Mj,A;)-modules 

F : B*(M?, fc) B'*(M k+ \ k + 1) -> QB*(M k+ \ k + 1). 

Indeed, B *(M* , k+1) is generated by the B*(Mj, A;)-modules B*(M/ , k), 
for J\ I C Pd-jt, which are generated by monomials Jlftej ^/jN an d we ma y 
simply define 

feGJ heJ 
fc+1 

The image of B*(M T ,k) in QB*(M T , k + 1) is naturally defined via the 

inclusion B*(M k , k) <^-> B*(M k , k+1). The construction of F implies $oF = 

fc+i 

^. It remains to show that the image of BK*{M j , k) through F is zero. 
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We recall that j l!¥ B*(M k I (h),k) ■—> B'*(M k j,k + 1) is generated over 

B*(Mj,k) by classes [y^] with h € Vd-k- Thus the elements in the im- 
age of the morphism 

BK*(M k+1 , k) -» fiB*^, k) s'*(Mj +1 , k + 1) 

are linear combinations of (yh,—{Q(Th)Tf l }h & -p d k ) for /i £ V^-h-, an d of 



elements in (0, ker jj*) over B*(Mj, k + 1). The first are mapped to zero in 
QB*(M , k + 1) by relation (3) in the ring above, and the second type of 
elements are also mapped into zero by the same proof as of Corollary 3.18, 
because of relation (2). 

□ 

The following lemma is an adaptation to our situation of Lemma 5.2 from 
|FM| . It presents an inductive way of constructing the classes of the blow- 
up loci, by showing how such classes are transformed under the preceding 
steps of weighted blow-up. 

Fix I, J C V such that In J = 0. Recall that ~m\{J) is the image of 
: M I{JJ — > Mj. Here we consider the case J = {h'}, and \h'\ = d — k' < 
d-k. 

Lemma 3.20. The class of the strict transform Mj (h f ) of Mj(h f ) in 
B*(Mj , k + 1) is given by 

[M k I + \h') ] = r I {\M k I (h')])+ £ KuM k{Th) ~ p k\M k{0)) 

where h is a subset of h and P-^k ^ s a polynomial over B*(Mj,k) 

whose pull-back to M k Ih is P-^k ,-jjk (t) iP-^k lT7 fc (t). 

M Ih\ M I M Ih\ M Ih' 

Note that this polynomial does not depend on the choice of h' € Vd-W , o-s 
long as h! C h, and neither do the classes [Mj(h')\ and [M j {h')\, as the 
group Gh permutes the elements of h! S Vd-k 1 ■ 

Proof. By Corollary 3.18, it is enough to show that the above formula holds 
when we apply //* and (j) 1 ^ to both sides. The first part is a consequence of 
the equality 

since the polynomial above has no free terms in T/j. The second part comes 
out of descending induction on |/|. 

The class of the preimage (4> Ih )~ (Mj(h')) is the sum of two distinct 

components: a constant multiple of [Mj^j, corresponding to the set {h € 
u 

Vd-k'\h' C h}, and [M Ih (h')] corresponding to the set {h' € Vd-k'W C\h = 

/,. 

0}. Since in the last case, the preimages of M Ih i and M Ih intersect trans- 

/% 

versely in an etale cover of Mj, a standard dimension argument shows that 
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fj h [M jh(h')] = [M Ih (h')]. For the former case, the induction hypothesis 
on Mj,!" 1 states that 

[M k I t\h')]= 9}h [F h{ h') ]+ I! {P^ k k {T 3 )-P^ k 

where the sum is taken after all j with {j, h} allowable, and f C j is fixed for 
each j. Here Ph(h') is the weighted projective fibration of M-^k.-^k , pulled 

M h\ M h' 

fa 

back to M Ih . It is locally the quotient \J h , ch F(N—k l( ^)/Gih- The 

_[_ ^ ^._|_ 

morphism f Ih : M Ih -> M Ih factors through g Ih : M Ih -> P h M Ih 

1V1 h 

and vr A : P h x k M) h - M? h , while (^(mJJV)) = 

It remains to show that the class of P^(/i ; ) in x—k M Ih is 

1 ny n My \M nj My\M > 

This is proven by the same methods as in Lemma 3.2: Let Th be the class 
of the line bundle Of h (l). After writing the class [P/i(/i')] as 

e-l 

[P h (h')]=Y J hrl 

i=0 

where e = codim— k M h , and considering 7T/ l *([P/ l (/i / )]r^) for all I, we obtain 
that the sum J2i bit 1 satisfies: 

i i i 

The right side is the equivariant Segre polynomial of in the sense 

of Lemma 3.2 , i.e. the inverse of P-^k^k , and Tth*(jh)t~ % ~ 1 is the inverse 

of P—k . This finishes the proof of the lemma. □ 

M h \M 

It remains to compute the polynomials P^jk lTjk , for a nested set K and 

M Kh\ M K 

h £ Vd-k \ K- The single important case is when K is a partial partition. 
We may split K into two partial partitions / and J, one containing subsets 
of h, the other containing sets disjoint from h. 

Notation . Consider two partial partitions / and J of Mo, such that IJ := 
I\J J is still a partial partition. Let ho € Vd-k such that ho D U^gj/i. To 
these and to any number k such that ko < k < d — \ Uhel h\, we associate 
the polynomial Pj j({th}hDh ) of variables {th}hDh over Q[H, ip], defined as 
follows: 



(3.7) 



Pljd^hDho) = 
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=< hl ( ""n'*' (%+Aor-< +1)( " Hu ^ h|) ), 

j=l+\h \-(d-k) 

where 

V'fto = V' + 

hDho 

tf fto =H + (d-\h U {U heJ h)\)tP + |/i\(/i U (\J h . e jti))\t h . 

hDhg 

We denote by 

d-k-\u heI h\ 

(3.8) P/^O) := II (^+(fc-|U h6 j/i|+J» n+1 . 

j'=i 

-Pj j admits the following geometrical interpretation: 

Lemma 3.21. Let h € V>d-k be such that h D [Jh'ei ^ an( ^ hf]h' = $ for 
all h' € J. Then the following relation holds: 

The class of \M u {h)\ in [M 7J ] is 



\M) J {h)] = Y J Pi,j{{T h >}h^H ,t h0 ) 

ho 



th =T ho 

t hQ =o 

where the sum is taken after all ho G Vd-k with ko < k and such that 
ho D Uhi e jh' and I U J U {/io} allowable. 

/c+l /c k 

Proof. The map // Jh : M IJh -> M Jh factors through P^.jj -> M Jh , where 
Pft./j is the weighted projective fibration of the normal bundle ACj* lT7 k . 

M Jh\ M IJ 

It was remarked in section 2 that P h .jj ^ M}' |A| x P n M k Jh , where M}' |ft| 
is the space of 1-stable, I- type, degree \h\ rational maps, and the nor- 
malization ( 
polynomial 



malization of a closed stratum in M 1 ''' 1 ' := Mo,i(P n , \h\, 1). Its associated 



\h\-h 
1=1 

where i/^ is the pull-back of the hyperplane section in P™ and ip^ is the 
cotangent class. 

On the other hand, there is a natural birational morphism 

M 0tl+ \j h \(W n ,d - \hU (U h , e jh>)\) ^Mj h 
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making M k Jh into an intermediate moduli space of M 0: x+|jw(lP n , d — \h U 

(lVe,//i')D- The pullback of the hyperplane class in P n by the evaluation 
k 

morphism e^: M j h — > P ra at the point marked by h is given by the following 
expression 

H h := H + (d - \h U (U h , eJ ti)\)iP + \ h " \ ( h u (U h 'ejti))\T h „, 

hch" 

conform Theorem 1 in |LPj ). This class is clearly pulled-back from M Jh 
and its pullback to P/^/j is the class denoted also by H^. 

The map M hJ — > M/j pulls back to the gluing map /: 
M ,i+\Jh\(V n ,d- \h U (U V6 j/i')|) x P » M ,l+|J|(P n , |fc \ (Uft/ej/iOl) 

/ 

Mo.i+luiO^.d-IUve/uj fc'l) 

Let 7Ti,7T2 be the projections from the domain of / onto Mq^+i j^i (P n , d — 
|/i U (lV eJ /i')|) and M 0jl+ | 7 |(P n , |/i \ (li h > eI h r )\). Let Vi be the cotangent 
line class coming from the i-th marked point. The following relation is also 
part of Theorem 1 in |LPj : 

-K*iph ~ tti^i = ^2 f*T h >- 

hch' 

The following are also known to be true: 

n^ipi + n{ip h = f*T h and n*ipi = f*ipi. 
Putting these together: 

7^1 = Ah + Y, f* T h>- 
h'Dh 

This is clearly pullback of the class tph from W^u- Thus Hh and iph have 
been written as linear combinations of H, ip and boundary divisors. This, 
together with formula (3.9), determine the polynomial P-^k lT7 k The 

M h.j\ M I.J 

term H^ +1 was introduced in expression (3.7) for division purposes in the 
case when 7 = 0. It is clearly zero since it comes form a null class in P n . 

The second part follows after applying Lemma 3.20 through successive 
blow-up steps. 

□ 

The next proposition gives a preliminary formula for S*(Mo,i(P n , d)) := 
B(M d ,d): 

Proposition 3.22. The Q-algebra B*(M ,i(^ n ,d)) is generated over Q by 
the divisor classes H, tfj and {Th}h for all strict subsets h of M = {1, ...,d}. 
Its ideal of relations is generated by: 

(1) H n+1 ; 
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(2) ThTh> for all h,h' such that {h,h'} is not allowable, i.e. if hf]h' / 
®,horti. 

( 3 ) WhelTh^ 1 ^ 1 Ui=i( H + «YO n+1 for any partial partition I of M; 

(4) UheiujTh (j: h0 ev> d . k (i,j) PlAiThh^t^^ + P^(0)) , for 

any partial partitions I and J of M such that I\J J is still a partial 
partition. Here V>d-k{l , J) is the set of all subsets ho of M with 
\ho\ > d — k and such that h$ 2 \Jhei ^ an ^ ^-o fl ^ = whenever 
\ho\ = d — k and h G J. 

Proof. The ring B*(Mo^(P n , d)) is constructed inductively. Let K be any 
partial partition of M, and let k < mirih^K{d — \h\}. By successive apply- 
cations of Lemmas 3.15 and 3.19 we know that 

B*(M K , k) = Q[H, 1>, {T h } w > d _ k ]/1 K 

for some ideal Ik- In particular, we may write 

B*(M 0A (F n ,d)) =®[H,^j,{T h } h ]/l 

where h ranges over all strict subsets of M. From relation (2) in Lemma 
3.19 we conclude that for any element a £ I, there exists a maximal set 
K and number k such that a € YlheK^h^K- When K = and k = 1 we 

obtain elements H n+1 and i^' 1 Ui=i( H + #) n+1 - Elements (3) in Z arise 

by Lemma 3.4 when If / I and k = 1. Elements (2) in 2 are natural 

compatibility conditions among divisors. For K and k > 1 fixed as above, 
k 

the blow-up locus of M K at step k has a number of distinct components, 
indexed by the choices of subsets I C K such that Ylhei 1^1 — d — k. For 
such an /, and J such that J \ (K\I) C V>d-k, consider /i € T-^-fc such 
that h D (Jh'e/ h' and /iQ /i' = for all h! G J. Putting together relations 
(4) of Lemma 3.15 with relation (3) in Lemma 3.19, plus the polynomial 
calculations of Lemma 3.21, we obtain elements (4) of X. 

□ 



As is the case with successive blow-ups, many of the relations coming from 
intermediate steps are superfluous. The next theorem presents a simplified 
version of the -B*(Mo,i(P n , d)) ring structure. The simplification calculations 
form the Appendix. 

Theorem 3.23. Consider the Q-algebra B*(M 0>1 (F n ,d);Q) generated by 
the divisor classes H , -ip and {Th}h for all proper subsets h of M = {1, d}, 
modulo the ideal generated by: 

(1) H n+1 ; 

(2) T h T h , for all h, h' such that hf)ti ^®,h or h' ; 

(3) T/ l T/ l /(V' + J2h"Dhuh' Th") for all h, h' nonempty and disjoint; 
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(4) T h G2 h >£ h Pifi{{T h »} h » Dh >,th>) \%2o h ' + P th 1 (°» f° r aU hcM > 
where Tq := 1 and 

p$fi({th»} h »Dh>) ■■= w + E h " Dh ' th-r'm + # + E h ,ov \ti'\t h »T +i - 
-{h +(d-\hu h'w + z h „ Dh ,(\h» \ (h u h , )\)t h »r+ 1 )] 

The group of symmetries Sd has a natural action on the set of proper 
subsets of M. 

^*(M ,i(P n , d); Q) is the ring of invariants of the ring B*(Af ,i(P n , d); Q) 
under the induced action. 

Example 3.24. Here we describe in detail Mo,i(P n ,2) and its Chow ring. 
In this case M = {1,2}. There is only one intermediate space Mo 5 i(P n , 2, 1), 
with a blow-up locus M*(l) C Mo,i(P n ,2, 1) and two copies of its normal- 
ization, M^-j. and m| 2 }- 

In accord with our considerations in Lemma 3.3, = P n x P n for 

i G {1, 2}. Outside its diagonal A C P n x P™, we may think of Mm as 
parametrizing lines in P n with two marked points q\ and q2 on them: q\ 
stands for the marked point of Mo,i(P n ,2), qi is identified by the set {i}. 

The diagonal is isomorphic to M^j ^}, parametrizing rational curves with 
3 marked points, contracted to a point in P™. Thus the two projections 
7Ti , 7T2 : P™ x P n — > P n stand for evaluation maps, the two corresponding 
pull-backs of the hyperplane class in P ra are H and H' = H + ip, and the 
class of mJ 1}){2} ^ A in U\ i} P" x P™ is 

k=0 Y 

On the other hand, by Lemmas 3.3 and 3.21, the image of M^j in M 1 has 
class 

i _ (H + 2^)"+ 1 
\- M {i}\ ~ ^ ' 

^m^im 1 ^ is the P ol y nomial 

(H + 2ib + t) n+1 - (A - + v) n+1 



P(i) := 



The intersection formula (3.3) on M^j. reads: 

(if + 2^) n+1 _ (H + V)" +1 (# + 2^ + t) n+1 — (H + i>) n+l 



t=0 



The exceptional divisor in M is M {i} ^ £Z A (P n x P n ) x P n xP n P(A^i |I? i). 

The fiber of — > M^j over {£,(71,(72} parametrizes all choices of lines 

passing through the second marked point qi of our line I, whereas the fiber in 



36 ANDREI MUSTATA AND MAGDALENA ANCA MUSTATA 

Bl/±P n x P™ over a point in A parametrizes choices of lines passing through 
the third marked point of the curve (since Bl A ¥ n xf = Flag (1, 2,n + 1)). 
The following classes are null in the ring P*(M ,i(P n , 2); Q): 



2 



TiP(Ti) , £p(t) 



* Tl (P + 2^)™ +1 
t=o 



i=l 

It is easy to see that the second and fourth classes above are in the ideal 
generated by the others. 

Let S := Ti + T 2 , P := T{T 2 and s k+1 := T-f + T 2 fc . From the recurrence 
relation Sfc +1 = s^S — s^-iP one deduces 

\k/2\ _ . 

(3.10) s k = ( i j ^'" 2i ^- 

i=0 ^ ' 

After taking invariants with respect to the action of 52 on {Ti,T2}, we 
find that 

A%M , 1 (F\2);®) = m >y> P \ 

where J is generated by H n+1 , Pip, T 1 P{T 1 )+T 2 P{T 2 ) and P{T 1 ) + P{T 2 ) + 
2 (g+y"+ 1 _ (g+2^)" +1 _ Uging formula (3 10 ) an d the fact that Pt/> = 0, we 
may write the last two expressions in terms of S and P. Indeed, 

P( Tl ) + P(T 2 ) = P(5) + £ £ (-1)* ( V J ( I + 1 J S k ^P*H n -\ 

T±P(Ti) + T 2 P(T 2 ) = 

n Lfc/2J / 7, ■ \ / I 1 \ 

= SP(S) + YY, ( i j ( ) ,s fc - 2i p l p n - fc+1 . 



4. Appendix 



Remark 4.1. If / ^ 0, the element (4) in the Proposition 3.22 may be 
simplified to 

(4-1) II T h .Plj({T h } heV>d _ k{IyJ) ). 

heiuJ 

Indeed, in this case T^T^t = for all h, h! £ P>d-fc(P J) an d so ) it becomes 
a nice exercise to see that both the expression (4) in Proposition 3.22 and 
expression (4.1) above can be written as finite sums 

E^j({r fc W) 
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where each hj is an element of V>d-k(I, J) and = {h G V>d-k(I, J)',h^ 
hj}. By comparing coefficients of monomials in 2\. one checks that the same 
terms appear in both sums with the same coefficients. 

Note that when I = {h}, relation (4.1) tells that H% +1 = on Mj h , 
where is defined as in formula (3.7). 

Remark 4.2. Let k < k' < d and fix h, h' C {1, d} such that \h\ = d — k, 

y y y 

\h'\ = d — k! '. Recall that the preimage of M (h') C M in M h has two 
y y 

distinct components M h (h' in ) and M h (h' out ), according to the position of 
the cardinal (d — k')-sets in raport to h: h' in C h and h' out (~l h = 0. The 
intersection formula 

T h [M k \h')] = [Mj'(0 + [M*(h' out )} 

is a consequence of Lemma 3.21 and relations (4) in Proposition 3.22. In- 
deed, by Lemma 3.21 : 

[M k \h')\ = £P fc ({T^} CT , t fc „) \X=Z h " +< (O), 
h" 

K(K u t)} = t h ( y, p 9 k ' h m"h"'^"^ iv=o h " + p $' h m, 
h"gh 

h"Ch 

where the sums are taken after h" with \h"\ > d — k! . The last term 
ThP$ '${{Th"}h"^h)) is the pullback of the class \M k h (h' in )\, as evaluated by 
the natural change of variables in formula (3.2): 

H - H h := H + (d - \h\W + Y \h"\h\T h „, 

h"Dh 
h"Dh 

and d -» \h\ for M ,i(P n , \h\). 

Whenever hnh" = 0, the polynomial h ({Th"'}h"'Dh" ,th") differs from 

P 9fi({ T h'"}h'"Dh",th") W a multiple of iphuh"T h uh", which becomes zero on 
ThTyi by relation (4) in Proposition 3.22, written for partitions (I, J) = 
({h,h"},(H) at the (d- \hU h"\)-th intermediate step. Whenever h" D h, 
the difference is summarized by the formula: 

(4.2) £ (P fc - P£ h )({T hl „} h „, Dh „, t h „) f^Zo"" + 

h"Dh 

+ jP fc 0(°) ~ P lh(°) = P l<b{{ T h"}h"Dh,th) \ th =o 

derived as in the previous remark. 
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Lemma 4.3. Let I C V be a nested set and let h, h', h" G V \ I denote 
elements such that \h\ = d — k and \h'\ = \h"\ = d — k! , with k! < k. 
Assume for simplicity that the k'-th and k-th steps of blow-up are performed 
successively (such that the formulas do not explicitely contain exceptional 
divisors originated in other blow-up steps). The following expression 

h' 

y 

in B*{M j )[(Th')h', {Th)h} is in the ideal generated by: 



(3) T hl {Y J ^hnh'=^ P M) h \M^{ T h''}h''z>h^ h ) \\ h h =^ h 



+ 



+ Y.h"+h> P-m^m* I V=o"" + l M ih'( h )})> for h such that h n 
ti = %; 
(4) TvHp 1 

^ 

Here [M Ah)] = P—k lT7 k(0), where P-^k lT7 k is thought of as a function 

M Ih \M I M Ih \M I 

of both t h and {tl} h »^ h . 

Proof. We note that (1) - (3) = (3'), where (3') is 

Th '( Yl P M) h \M k I ^ T h''}h''Dh,t h ) \\lll h +P- Wl k h[M k(T hl )), 
h;hch' 

and Pjjk 0>{T h i) = [M k Ih ,(h)], for h such that h C h'. 

With this, the lemma follows by a direct computation modulo the relations 
(l)-(4). The initial observation is that 

( P T7 k ' \TJ k ' as a Polynomial is not P k , k , {t^P^k m k{t h <) in general, 

M Ih ,\Mj M Ih i\M Ih M Ih \M, 

due to the correction term H?A l in the formula for P—y k'(th>)). The 

h Mj h ,\Mi y n " 

right hand side expression above can be written as 
Modulo relation (3'), this is 

~ P Mi hl \MiS th '"> 'V^' ^hCh> P M* hl M>;({Th"}h"Dh,th) ft=o" + 



M Ih ,\M Ih 

^M«; h ,\M K Ih ^'*M K lh m 
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As T h divides P— k —k({T h »} h » Dh , t h ) \ t t h h Z h , summing the above after all 
h's yields, modulo relation (2): 

p Mi hl \Mi^ \%=o h ' = 

which, modulo relation (1) equals -P—y t —y (0)[Mj'{h)] = \Mj (h% □ 

M ih'\ M ih 

Lemma 4.4. Let I, J, be two partial partitions of M = {1, d}, such that 
I (J J is also a partial partition. With the notations introduced in formula 
(3.7), the expressions 

n nptj h -\{T h '} h 'ev> ll+1{ i,j)), nw+ e T ^) |/hi 

helUJ hel h'D(j heI h 

( if \I\ > 1) and H heI T^W' 1 (H + iijj) n+1 are in the ideal generated 

by 

(1) H n+1 ; 

(2) T h T h , ifh^h'^$,hor h'; 

(3) T h T h ,(ip + Y,h"Dhuh' T h")\ f or an V h,h' 7^ such that hf\h! = 0; 

(4) T h (^ h%h P}-\{T h ,,} h ,, Dh ,,t h ,) \^Zo h ' +PfaH0)). 

Proof. The first claim can be reduced to the case when |/| = 1 and J = 0. 
Indeed, let 

^i,j-=ip+ E T/l '' 

ft'6P>, ; + i(/,J) 

H!,j:=H+(d- Y, W + E 1^ U h \ T "- 
heiuJ h'eV>i I+1 (i,J) heiuJ 

ThenP/-^- 1 ({r^}^ e ^ (/+l(Ji<7) ) = ^j 1 ^ 1 - Assuming that |/| > 2, we 
can choose two distinct h±,h2 £ 7. Modulo relation (3), 

ThiTfoipij = -T hl T h2 Y, T h>- 

h'Dh 1 Uh 2 ,h'gV>i I+1 (I,J) 

Furthermore, for each h! as above such that U^ e //i % h', we can choose h% G 7 
disjoint from /?/ and, modulo relations (3) and (2), obtain T^/T^ipi^ = 
- T h'Th 3 Y.h"Dh'uh :i ,h"^v> ll+1 (i,J) T h"- Continuing the same way, we come to 
the case when h! 5 Uheih. Since h' V>ij+i(I,J), it may be that either 
h! = Uheih or h! = Llheih U h", where {h G J;h C /i"} / 0, or otherwise 
ri/iej^ft^ft" = 0- Let /' = {/?/} and let J' = J in the first case, J' = 
J \{h;h C /i"} in the second case. In both cases, Th>Hj : j = Th>Hjtj> and 
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moreover, this also equals Th'Hji$ after adjusting by Th'Tji(ip + Y^hDh' j' ^h) 
for every j' G J'. 

By the same method, expression Y\_ heI Th{^> + Y2h'Du heI h ^V)' 7 ' -1 i s re ~ 
duced to relation (3). 

Consider now / = {h}, J = 0. Let iph(th) '■= Ylh'Dh^h' +th- We proceed 
by decreasing induction on \h\. Noting that in all our expressions, plays 
the role of with h = {1, d}, we can start the induction from the relation 
H n+1 = 0. We can now work out the general induction step. Multiplication 
of expression (4) by Vtyi(O) gives, modulo expressions (2) and (3): 

T h(E,h'nh=Q) P ij l 1 ({ T h"}h"Dh',th') \l*=o h ' (J2h"Dh,h"nh'=<D T h") + 
+ Y,wohP^\{Th"}h"oW,tw) \Z=o h ' (Eh>Dh»DhTh» + i>hiT h ,))+ 

+^ 1 (o)^(o)), 

which, after regrouping of terms becomes 

(4.3) T h(J2h"Dh T h" J2h'gh" P $j l 1 ({ T h'"}h'"Dh',th') \tv=0 h ' + 

(4-4) +E h ' Dh MT h/ )Pth 1 ({ T h''}h"Dh',t h/ ) iffi' +P d - 1 (O)^(O)). 
As remarked earlier, if h' n h" = 0, then 

P (lij l 1 ({ T h'"}h'"Dh',th') lt£'=o' 1 ' = P 0^({ T h"'}h"'Dh',th') lv=o h ' 
and by formula (4.2) 

E^Cift 1 " ^)({r fc »}fc'»^,t fc l£=?' + ^(0) - p£>) = 

modulo (2) and (3) and thus, modulo expression (4) written for h" , the 
summand (4.3) above is 

-T h ^2 T h"{ p ^{^) + P^J l 1 ({Th'"}h'"Dh',t h ' / ) \t h „=o)- 

h"Dh 

On the other hand, summand (4.4) may be written as 

T h $: h , Dh 4h>p}i\{T h ,,} h ..^t h ,) f t ^' + 

+ Eh' Dh ^h'Pij i 1 ({Th»}h"Dh'M \t h ,=o^h'(Th')-^h'(0))+ 
As iph'(Th') — f/V(0) = T^, putting the two summands together we obtain 

h'Dh 

In view of definition of P^^ 1 (formula (3.7)) and of Remark 4.1, the above 
reduces to T^i^™^ 1 . The induction hypothesis was necessary when applying 
Remark 4.1. This ends the proof for the second expression in the lemma. 
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Dependence of the last expression on terms (l)-(4) can be deduced by 
decreasing induction on /: 

r(I) := U h e I Th^- 1 Uti I (H + i^r +1 = W^T^^) = 

= X\h&IU{hi} T hW)hi] P M) h ,\M^), 

for any h! such that h! Pi (Uheih) = 0, where [-M/^/] is the class of Mjjj in 
Mj. Thus by relation (4) of Proposition 3.22, r(J) is in the ideal generated 
by r(Ih'), h' as above. The last induction step coincides with the second 
expression in the lemma when I is a complete partition of M. 

□ 
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